The correlations of the electrons field-emitted from a superconductor are fully analyzed, both in space and time. It is proposed that a coincidence experiment would reveal a positive correlation between the electrons emitted in opposite directions. The electrons can be entangled and can even violate Bell's inequality. The crucial role played by Andreev's process is scrutinized, analytical formulas are derived for the correlations, and the physics behind the phenomenon is clarified.
1
The superconducting state is fully characterized by a set of correlation functions. If some particles are emitted from the superconductor, they retain some features of the correlations in the source. A superconductor is characterized by its long-range coherence, both in space and time, and by Cooper-pair correlations. The long coherence can yield a well-monochromatized beam of electrons, which can greatly improve the quality of a microscope.
2
When a Cooper pair is emitted, its singlet spin state can be a useful resource of entanglement, with applications in quantum information. 3, 4, 5, 6, 7, 8, 9, 10 It is also interesting to regard the emitted particles as probes of the source.
11 Their correlation functions reflect the features of the source and can behave in remarkable ways. Positive correlations among electrons have been discussed in the context of superconductors.
12
A coincidence experiment is a very direct way to detect two-particle correlations. Recent technological progress has made possible coincidence experiments in a variety of systems. 13, 14, 15, 16, 17 Among these experiments, we shall focus on i) a coincidence experiment in field emission; 16 ii) the observation 2 of the field emission spectrum from a superconductor. 18 A combination of these two experiments can lead to a challenging possibility: a coincidence experiment in the field emission from a superconductor.
The nonlocality of the electrons field-emitted from a superconductor has been recently analyzed. 19 This article provides a thorough explanation of this phenomenon, scrutinizing several additional effects and the role played by some genuine superconductivity phenomena, such as the Andreev's process. The emission process will be dynamically described in the framework of quantum field theory and the beam profile will be naturally prepared by the dynamics itself. 20 It is crucial to work in 3D space to capture the Cooper-pair correlations. This also enables us to discuss the lateral coherence length. 20 Concise and useful analytical formulas will be derived, which will clarify several facets of the physics behind the phenomenon. The present analysis also includes correlations in time. The Andreev process will be shown to play a crucial role for these peculiar correlations and nonlocality. 3, 4, 5, 6, 7, 8, 9, 10 The article is organized as follows. The problem is set up and the Hamiltonian of the system is given in Sec. II. The dynamics of the emission is solved and the stationary beam of electrons is obtained in Sec. III. The correlation functions and their spectra are computed in the stationary beam and some analytical formulas, whose structures clarify the underlying physical processes, are presented in Sec. IV. The coincidence spectrum is analyzed in detail in Sec. V, where the effects of the superconductivity of the emitter are disclosed. Section VI is devoted to the entanglement and nonlocality of the emitted electrons. The robustness of the correlations due to the superconductivity of the emitter is discussed in Sec. VII. Finally, the whole analysis is summarized in Sec. VIII, and some details are presented in Appendices A-D.
II. SETUP A. Hamiltonian
Let us start off by discussing electron emission from a superconductor into vacuum. We focus on the emission from a nanotip, see Fig. 1 . To this end, we set up the following Hamiltonian 18, 19, 20, 21 in 3D space: where
is the Hamiltonian of the superconducting emitter 1 and
is that of the electrons propagating in vacuum. s denotes spin and we set = 1. φ s (r) and ψ s (r) are the fermionic field operators satisfying the canonical anticommutation relations {φ s (r), φ † s ′ (r ′ )} = {ψ s (r), ψ † s ′ (r ′ )} = δ ss ′ δ 3 (r − r ′ ) (2.4) with other anticommutators vanishing. The Coulomb repulsion is neglected.
H T describes electron tunneling through a potential barrier surrounding the emitting region, and λ characterizes the strength of the tunneling transmission. H T is given by 18, 19, 20, 21 
5) where a ks and c ps are the annihilation operators in momentum space of the electrons inside and outside the emitter, respectively, and are related to the fields in configuration space by T pk are the tunneling matrix elements, for which we take 19, 20 T pk = p|h(p)g(r)|k
That is, an electron with momentum k in the emitter is annihilated by a ks , filtered by g(r) and h(p), and emitted outside with momentum p by c † ps . The function g(r) specifies the emitting region and |h(p)| 2 represents the momentum (energy) dependence of the tunneling probability through the potential barrier surrounding the emitting region. In this article, we consider a simple spherically symmetric setup with 2.8b) where w characterizes the size of the emitting region, ε p is the energy of an electron, to be given below in (2.18) , and E C controls the low-energy cutoff of the tunneling spectrum. The function h(p) chosen here might not always accurately describe the tunneling probability through the potential barrier (for which the relevant quantity might be the energy related to the motion normal to the potential surface, instead of the total energy ε p ). In the following discussion, however, we are interested in the far field, for which the above choice will turn out to be appropriate, since only the momentum normal to the surface is relevant to the far field. 2.9b) where
B. Mean-Field Approximation

Let us introduce
is the sum of the numbers of electrons inside (N S ) and outside (N V ) the emitter, defined respectively by
11a) (2.11b) Notice that N is a constant of motion, i.e. [H, N ] = 0. The time-evolution operator can therefore be split as e −iHt = e −iµN t e −iHt , and exponential factors like e −iµt factorize away from the quantities of interest. Indeed, the Heisenberg operators are factorized as 12) and so are the correlation functions, 2.14) describes the dynamics of the field in the picture introduced by the unitary transformation e iµN t . We shall work in such a picture, with µ the Fermi level of the superconducting emitter. This choice is convenient for the mean-field approximation, which enables one to diagonalize the Hamiltonian H S via the Bogoliubov transformation 16) to get
17a) 2.17b) where 2.18) are the energies of an emitted electron in vacuum and of a quasiparticle excitation in the superconducting emitter, respectively, measured relative to the Fermi level of the emitter, and
is the gap parameter of the superconductor. Throughout this article, k F = √ 2mµ and λ F = 2π/k F are the Fermi momentum and the Fermi wavelength, respectively.
The state of the superconductor is characterized by the Fermi distribution of the quasiparticle excitations, 21) where T is the temperature of the emitter and k B the Boltzmann constant. The spatial extension of a Cooper pair is characterized by the correlation length of the twopoint correlation function φ ↑ (r 1 )φ ↓ (r 2 ) in the superconductor, which is given (at zero temperature) by Pippard's length
At the initial time t = 0, the emitter is in the superconducting state at a given temperature T and the outside of the emitter is vacuum. Such an initial state is a product state of the superconducting state characterized by (2.20) and the vacuum state for c ps . Starting from this initial condition, the electrons start to tunnel out of the emitter into vacuum. The emission process is dynamically described according to the Hamiltonian (2.9) with (2.5) and (2.17) in the mean-field approximation. After a certain transient period, the emission approaches a nonequilibrium steady state (NESS).
22
We shall count coincidences, in the NESS prepared in this way, between two detectors located at r 1,2 = (±r sin(θ/2), 0, r cos(θ/2)), (2.23) at the same distance from the emitter but in different directions, as depicted in Fig. 1 . The numbers of counts of one-and two-particle detections, irrespectively of the spin state, are proportional to 25) respectively, where the average is taken over the initial state. The deviation of the normalized two-particle distribution function
(2.26) from unity reveals correlations between the two electrons.
III. DYNAMICS OF EMISSION
Let us solve the dynamics of the emission. The Heisenberg equations of motion forc ps (t) = e iHt c ps e −iHt , etc., 4) where G pp ′ (t) is given by the inverse Laplace transform
with C B the Bromwich path running parallel at the right of the imaginary axis of s, and [
In order to obtain the NESS, it is convenient to move to the interaction picture defined byc ps (t) = e −iH0t0c ps (t)e iH0t0 , since the initial state is invariant under this transformation. In this picture,Ḡ pp ′ (t) = G pp ′ (t)e iE p ′ t0 asymptotically behaves, for t, t 0 → ∞, keeping t − t 0 finite, as (Appendix A)
(3.9) Note that we need to retain up to O(λ 2 ) to collect the lowest-order contributions to the correlation function (2.25), which is O(λ 4 ). Up to this order, the Heisenberg operators (3.4) in the NESS in the interaction picture read The correlation functions of the emitted electrons in the NESS are now readily computed. Let us start with two-point correlation functions. In the limit t 1 , t 2 → ∞, keeping t 1 − t 2 finite, one gets, up to O(λ 2 ),
where
3) 4) while all other two-point correlation functions vanish. In these expressions, (4.5b) are the wave functions of the emitted electrons in the vacuum originating from the quasiparticle excitations above and below the Fermi level, respectively, and they propagate asymptotically as spherical waves (Appendix B)
for k F r ≫ 1, where
are the momenta of the emitted electrons corresponding to the energies ±ω k , and θ(x) is the Heaviside theta function.
The correlation function γ in (4.1) is a mixture of the wave functions ϕ k± (r, t) over the Fermi distribution f (±ω k ) in the emitter, with the relevant densities of states of the quasiparticle excitations, |u k | 2 and |v k | 2 . The quasiparticles are emitted outside and the electrons propagate with the wave functions ϕ k± (r, t). The correlation function γ is essentially a one-particle density matrix and describes the one-particle state of the emitted electrons.
The other correlation function χ in (4.2)- (4.4), on the other hand, describes pair emission. It contains the product u k v k (= ∆/2ω k ) and is responsible for the effects of the Cooper-pair correlation in the superconducting emitter. Indeed, χ 0 describes the emission of a couple at zero temperature, from the Cooper pairs, and takes into account the Andreev process. 3, 7, 23 Notice that the last contribution in (4.4) vanishes on the energy shell ε p1 = ω k . The main contribution is the first addendum and it is exactly the amplitude for the emission of a couple [see (C7) in Appendix C]. The contribution of the thermal excitations at finite temperature is taken into account by χ th , which vanishes at zero temperature.
Since the solution of the Heisenberg equations of motion, (3.4) , is linear in the fermionic operators, the oneand two-particle distribution functions, (2.24) and (2.25) are both given in terms of the two-point correlation functions: the former is given by ρ (1) (r, t) = 2γ(r, t; r, t), (4.8) while the latter is cast through Wick's theorem into
The normalized two-particle distribution (2.26) is therefore given by
, (4.10) where the arguments (r 2 , t 2 ; r 1 , t 1 ) are abbreviated to (2; 1). The second term of the normalized coincidence (4.10) is responsible for the antibunching of electrons (reduction of the coincidence rate when the two detectors are close together and the detection delay time is small), while the third gives a positive contribution to the coincidences. It is instructive to rewrite the two-particle distribution (4.9) in terms of the two-particle wave functions: by substituting the two-point correlation function γ given in (4.1), i.e. the contributions of the quasiparticle excitations, the first two terms in (4.9) read
k2σ2,k1σ1 (2; 1)
where 4.12) are the symmetrized/antisymmetrized two-particle wave functions of the emitted electrons. This expression clarifies that 3/4 of the contributions of the quasiparticle excitations are provided by the antisymmetric wave function Ψ (−) , while the remaining 1/4 is given by the symmetric one Ψ (+) . Recall that the state of the fermions as a whole should be antisymmetric. The symmetric wave function in space therefore corresponds to the antisymmetric state in spin, and vice versa. As already mentioned, γ describes the emission of the single particles. The electrons in the emitter are not spin polarized when one looks at the single electrons and they appear to be equally emitted from the triplet (antisymmetric in space) and singlet (symmetric in space) spin states. This just gives the background: the interplay between these contributions yields antibunching 17,20 but does not reveal the effect of the Cooper-pair correlation in the emitter.
The Cooper pairs do not significantly contribute to antibunching, but yield the positive correlation, i.e. the last contribution in (4.10) . Let us look at the Andreev amplitude, the first contribution to χ 0 in (4.4) . This expression entails that one electron in a pair originates with momentum k in the emitter, while the other with momentum −k. Notice here that the integrand is symmetric under exchange between k and −k and the two alternatives are symmetrically superposed. This symmetric superposition reflects the fact that the Cooper pairs in the emitter form singlet couples, antisymmetric in spin. This symmetry in the amplitude with respect to the spatial degrees of freedom gives rise to bunching: two electrons bunch when they originate from momenta with the same magnitudes but oriented in opposite directions. This is the origin of the positive contribution in (4.10) .
Positive correlation of electrons due to superconductivity has been discussed in the literature, in the current fluctuations in transport setups.
12 For instance, it is shown that the cross-correlation of the currents at two different normal leads connected to a superconductor can be both negative and positive, while it is quite generally negative in normal devices. It is pointed out that the positive correlation is due to the processes involving "crossed Andreev reflections," which provide transport of particles with opposite charges from one normal lead to the other via the superconductor (an electron in one normal lead is converted into a hole in the other normal lead, and vice versa), 3, 4, 5, 6, 7, 8, 10, 12, 24, 25 and the sign of the overall crosscorrelation is determined by the competition between the negative contributions due to the normal scattering and the positive contributions due to the Andreev reflections. In the present field-emission setup, there is no "hole" in vacuum, but the crossed Andreev reflection is equivalent to the emission of electrons from a common Cooper pair toward different detectors. In the present analysis, it is clear from the formula, as just explained above, that the positive correlation is due to bunching as a result of the symmetric wave function of a couple of electrons emitted from a Cooper pair, reflecting its singlet spin state. In addition, it is shown below that the negative and positive contributions appear separately in the present fieldemission setup, and the pure positive correlation is observed: one need not argue the competition between the negative and positive contributions.
The amplitude for the Andreev emission (4.4) is also symmetric under the exchange between r 1 and r 2 . This symmetry reveals that the emitted electron pairs are also in the singlet state. This point is explicit in the expression (C7). The entanglement of the emitted pair is one of the main subjects of this article and is explored below.
It is interesting to note that such emission of the singlet pair is not simply the direct emission of the Cooper pair since virtual processes are involved, as is clear from the expression in (C7).
B. Spectral Representations
Let us look at the energy spectra of the correlation functions, Γ(r 1 , r 2 ; E), X th (r 1 , r 2 ; E), and X 0 (r 1 , r 2 ; E), which are related to the correlation functions γ(r 1 , t 1 ; r 2 , t 2 ), χ th (r 1 , t 1 ; r 2 , t 2 ), and χ 0 (r 1 , t 1 ; r 2 , t 2 ) in (4.1)-(4.4), respectively, through the Fourier transformations, 13) etc. By plugging the asymptotic forms of the wave functions in (4.6) together with the tunneling matrix (2.7)-(2.8), the energy spectra in the far field region (k F r ≫ 1) in the NESS (t → ∞) read (Appendix B)
with p(E) defined in (4.7) and
Note that
is a slowly varying function of z and that we have chosen the branch of the square root
The energy spectrum of the emitted electrons, 19) is shown in Fig. 2 , where on the basis of the formulas (4.14a) and (4.15a). The low-energy cutoff reflects the energy dependence of the tunneling probability: electrons with a lower energy feel a higher and thicker potential barrier and tunneling is suppressed. In the present model with (2.8) , the low-energy slope is characterized by the factor e E/EC . The high-energy cutoff, on the other hand, is due to the Fermi distribution f (E) and is therefore mainly controlled by the temperature. The band width of the spectrum is controlled by the factor f (E)e E/EC and the spectrum spans the range (4.20) A remarkable feature of the spectrum P (E) shown in Fig. 2 is the presence of the gap for the superconducting emitter: no emission from the quasiparticles in the range −|∆| < E < |∆|. In addition, the spectrum diverges at 0.025 0.020 0.015 0.010 0.005 0.000 0.005 Figure 3 shows the spectrum for r 1 = −r 2 , i.e., when the pair electrons are detected in opposite directions. It exhibits nonzero spectrum even inside the gap of the quasiparticle spectrum. This is the distinctive feature of the Andreev process. If one collects higher-order processes, the single-particle spectrum P (E) also accounts for the contribution of the Andreev emission, and one sees a spectrum also in the gap.
26
Suppose now that 21) which is usually the case in actual experiments. Then, only energies close to the Fermi level |E|/µ ≪ 1 contribute to the correlation function γ. As for the other spectra X th and X 0 in (4.14b) and (4.14c), the factor 22) rapidly oscillates for k F r ≫ 1 and its stationary phase at the Fermi level E = 0 provides the most significant contribution. The relevant energy range in the saddlepoint approximation is
Therefore, only energies close to the Fermi level |E|/µ ≪ 1 are relevant to the correlation functions. In this regime, Z(E), Z th (E), and δZ 0 (E) in (4.15) are approximated by
Additional conditions have been assumed: (4.26) for (4.24b) and (4.24c). Note that Eq. (4.24a) is still exact for a normal emitter ∆ = 0.
C. Analytical Formulas for the Correlation Functions
Several concise and useful analytical formulas are now available. In the following, let τ = t 1 − t 2 .
Normal emitter
In this case, χ vanishes, while the inverse Fourier transform of (4.14a) with (4.15a) [or equivalently, with (4.24a)] yields
Even at finite temperature T > 0, if
F w 2 /µ > 0 and e −µ/EC ≪ 1 (4.28) are satisfied, an analytical formula is available: the lower end of the integration range in energy can be extended to −µ → −∞ and one gets 4.29) by making use of the formula (D1).
For superconducting emitter |∆|
The inverse Fourier transform of (4.14a) with (4.24a) yields
by neglecting O(E C /µ) contributions, and that of (4.14c) with (4.24b) and (4.24c) gives
(4.31) with
0 (|∆τ |), (4.32)
33) and
For the coincident detections with τ = t 1 − t 2 = 0, another expression is convenient:
In (4.33) and (4.35), the second contribution in (4.24b) has been omitted by assuming e −2k and θ ≃ π. An analytical formula is not available for the superconducting emitter |∆| > 0 at a finite temperature T > 0. In the present analysis, the effects of temperature are taken into account only though the Fermi distribution function f (E), which controls the high-energy tails in the spectra. They are usually small, with E C ≫ k B T like in Fig. 2 , even at room temperature. For instance, πk B T / sin(πk B T /E C ) ≃ E C in formula (4.29) (almost no temperature effect), and the other analytical formulas for T = 0 agree well with the numerical estimations for the finite-temperature case with the value chosen in Fig. 2 . It therefore suffices in the following discussion, to use the formulas for T = 0. Physically, the gap parameter ∆ is a function of temperature T , so that temperature effects appear through the gap parameter |∆|.
V. ANTIBUNCHING AND BUNCHING
We are now ready to discuss the correlation between the electrons emitted from a superconductor. The normalized coincidence Q is shown in Fig. 4 as a function of θ at t 1 = t 2 = t, for normal and superconducting emitters.
A. Antibunching at θ ∼ 0
The dip around θ ∼ 0 is due to the antibunching of the electrons: there are fewer chances to detect two electrons at the same time than expected from the counting rate of the independent detections of single electrons. The dip is Q ≃ 0.5, irrespectively of the parameters. This is clear from formula (4.10) for Q. Figure 4 shows that the superconductivity of the emitter does not affect the antibunching and χ ≃ 0 for θ ∼ 0. Hence, formula (4.10) yields Q ≃ 0.5 for θ = 0 and t 1 = t 2 , irrespectively of the details of the correlation function γ. Equation (4.11) shows that three antibunching contributions plus one bunching yields 1 − 3/4 + 1/4 = 0.5.
17,20
The analytical formulas for γ in Sec. IV C show that the width of the dip is governed by the factor e −8k 2 F w 2 sin 2 (θ/4) and is controlled by the size of the emitting region, w. The smaller the size of the emitting region, the longer the lateral coherence length of the emitted electrons, and the wider the antibunching dip. 20 See Fig. 5 , where the effect of w is scrutinized.
B. Bunching at θ ∼ π
The effect of the superconducting emitter manifests itself when the electrons are detected in opposite directions, θ ∼ π. Since a Cooper pair is formed by two electrons with opposite momenta k and −k, they are emitted in opposite directions and exhibit strong correlation at θ ∼ π. The spins of the Cooper pair are in the singlet state, and the corresponding symmetric wave function in momentum space gives rise to bunching, namely a positive correlation, as already discussed in Sec. IV A.
The analytical formulas for χ in Sec. IV C show that the width of the bunching peak is characterized by the factor e −8k The height of the bunching peak δQ peak = Q(r, t, −r, t) − 1 is, on the other hand, given by
the ratio of (4.35) to (4.30) . This is the ratio of the contribution of the pair emission to that of the single-particle emission, the background. The main contribution to the former is provided by the term represented by the Hankel function H (2) 0 when w ≪ ξ: it is greater than the other by a factor of order ξ/w [see for instance the asymptotic form of the Hankel function in (D9)]. This pair emission is controlled by the parameters r/2k F ξ 2 and w 2 /ξ 2 , both measured against Pippard's length ξ, while the singleparticle emission by |∆|/E C . In particular, the emission from a smaller emitting region results in a stronger correlation. See Fig. 5 , which clarifies how the size of the emitting region, w, affects the bunching peak.
C. Correlation in Time
Let us now look at correlations in time (Fig. 6 ). Although superconductivity does not affect the depth of the antibunching dip and the lateral coherence as is clear from Fig. 4 , it influences the correlation function in time even at θ ∼ 0 [ Fig. 6(a) ]. The analytical formulas (4.27) and (4.29) show that the correlation function Q at θ = 0 decays as a function of the delay time τ = t 2 − t 1 like a Lorentzian ∼ (1 + E 2 C τ 2 ) −1 for a normal emitter, while formula (4.30) reveals that the decay for the superconducting emitter is like ∼ (∆τ ) −1 with a different power tail [see (D10) for the asymptotic behavior of K ν (z)]. Both cases are compared in Fig. 7 . This prolonged tail is due to the divergence in the spectrum at the edge of the gap (Fig. 2) and is an effect of the superconductor.
At θ ∼ π, where the superconductivity of the emitter prominently manifests itself, the correlation function exhibits oscillatory decay in time [ Fig. 6(b) ]. This is governed by the convolution in (4.31) : the damped oscillation e (2) ν (x)]. The time scales of the damped oscillation are given by (4.25a),
See Fig. 8 , which demonstrates how the parameters w and r control the damped oscillation.
VI. ENTANGLEMENT
We now turn our attention to the state corresponding to the antibunching and bunching correlations. As already mentioned in Sec. IV A, a pair of electrons emitted through the Andreev process forms a singlet spin state, reflecting the singlet state of the Cooper pair. It is interesting to explore the possibility that a superconductor be a source of entanglement. 3, 4, 5, 6, 7, 8, 9, 10 Let the two angles (η, ζ) specify the orientation of the spin of an electron, the polar and azimuthal angles with respect to a certain quantization axis of the spin. The probability that an electron is found at (r 1 , t 1 ) with its spin oriented in the direction (η 1 , ζ 1 ) and another at (r 2 , t 2 ) (t 2 ≥ t 1 ) with (η 2 , ζ 2 ) is proportional to
1) where
is the field that annihilates an electron with its spin oriented along (η, ζ). This two-particle distribution function is cast into the following form through Wick's theorem:
All the matrix elements of the density operator ̺ of the spins of a pair of electrons found at (r 1 , t 1 ) and (r 2 , t 2 ) (t 2 ≥ t 1 ) are reconstructed by combining ρ η2ζ2,η1ζ1 (2; 1) with appropriate sets of the angles to yield (6.4) where |Ψ − = (|↑↓ − |↓↑ )/ √ 2 is the singlet state. Note that the normalization factor is given by the two-particle distribution ρ (2) (2; 1) in (4.9). The second term of (6.4) is the singlet state, while the first one is the background that blurs the entanglement. At θ = 0 (when the two detectors are at the same place), the coincident detections with t 1 = t 2 eliminate the background and a pure singlet state is extracted. This is because the antisymmetric wave function (the triplet contribution) does not trigger two detectors located at the same point, where the antisymmetric wave function is vanishing. In this way, the triplet components are ruled out by the coincident detections and the singlet component is extracted. The entanglement for θ ∼ 0 is just due to the symmetry of the wave function and is not supplied by the superconductor.
A remarkable feature of this entanglement is that it requires no interaction between the electrons. See Ref. 27 for a similar mechanism to extract entanglement, making use of the Bose/Fermi symmetry of two-particle wave 
Q(r, t 2 ; r,
0.000 function. For electronic systems, the interaction-free sources of electron-hole entanglement in solid are proposed in Ref. 28 (although the mechanism is different from the present one). Let us look at the concurrence 29 of the state ̺ in (6.4) extracted by the two detectors. It is given by
(6.5) This actually gives C(̺) = 1 at θ = 0. It is possible to show that the concurrence (6.5) is nonzero, C(̺) > 0, if (6.6) [note that χ is essentially vanishing for θ ∼ 0 and γ is essentially vanishing for θ ∼ π].
The electron pair can even violate Bell's inequality.
30
A nonlocal correlation between the two electrons is disclosed if the Clauser-Horne-Shimony-Holt (CHSH) inequality is violated with a certain set of angles η 1,2 and η ′ 1,2 , where (6.8) and E(η 1 , η 2 ) = ρ η1,η2 + ρ η1+π,η2+π − ρ η1,η2+π − ρ η1+π,η2 ρ η1,η2 + ρ η1+π,η2+π + ρ η1,η2+π + ρ η1+π,η2 (6.9) with ρ η1,η2 = ρ η1ζ,η2ζ . In the present case, the twoparticle distribution function ρ η1ζ1,η2ζ2 in (6.3) yields
with a factor
Notice here that E(η 1 , η 2 ) = − cos(η 1 −η 2 ) represents the singlet spin state, and it maximally violates the CHSH inequality (6.7) with e.g.
The prefactor D (≤ 1) in (6.11) shrinks the magnitude of S and reduces the chance of the violation of the CHSH inequality (6.7). The CHSH inequality (6.7) can thus be violated only when D > 1/ √ 2. This is accomplished when (6.12) In particular, at θ = 0 (when the two detectors are at the same place), D = 1 and the coincident detections extract the singlet state, in accordance with the above argument. The electron pair for θ ∼ π, corresponding to the bunching peak, can also be entangled and can violate Bell's inequality, provided the bunching is strong enough. In this case, the paired electrons are emitted in opposite directions, and this is a more suitable situation for discussing nonlocality. This channel is also preferable as a source of entanglement, since one need not argue how to separate the entangled electrons.
32 This is a remarkable contrast to the transport setups, in which it is generally hard to split the entangled pair.
The bunching peak at θ = π is given by formula (5.1). There are essentially four independent parameters that control the bunching peak, and hence the entanglement, i.e. w, r, ∆, and E C . See Fig. 9 , where the peak and the concurrence are plotted as functions of these parameters.
It is obvious that the gap parameter ∆ plays a significant role for entanglement by enhancing the contribution of the Cooper pairs. By increasing |∆|, the gap becomes wider, and the Andreev emission becomes dominant. The enhancement of the entanglement with a wider gap is an evidence for the importance of the Andreev emission to entanglement. The parameter E C also works like a filter for the Andreev emission. By decreasing E C , singleparticle emissions from the quasiparticle excitations are suppressed, and in this way, the background is reduced. As a result, the pair emissions become dominant and the entanglement is enhanced.
It is interesting to observe that the size of the emitting region, w, also affects the entanglement. The electron pairs bunch and are entangled only when they come from a small region. This is because the emission from a small region ensures that a pair comes from a common Cooper pair in the emitter. (If the pair electrons come from different Cooper pairs, they are not correlated and do not bunch.) That is why the ratio w/ξ, between the size of the emitting region w and the extension of the Cooper pair ξ, enters formula (5.1) for the peak of the bunching and rules the entanglement of the emitted pair. This is essentially equivalent to the effect due to the crossed Andreev reflection, which has been extensively studied in transport problems, 3, 4, 5, 6, 7, 8, 10, 12, 24, 25 where an electron injected from one normal lead to a superconductor is reflected to the other normal lead as a hole, and vice versa. It is shown that the crossed Andreev reflections are suppressed as the distance between the contacts of the normal leads to the superconductor is extended. 3, 5, 7, 24, 25 It is instructive to rewrite the pair correlation function χ 0 given in (4.4) in the following way. At far places from the emitter, the first contribution in (4.4) survives and only energies close to the Fermi level contribute to χ 0 . By putting ε pi ≃ 0 in ε pi + ω k − i0 , 2) in the denominators and by substituting the integral expression for the tunneling matrix element T pk given in (2.7), the pair correlation χ 0 is cast in the form
ε p1 + ε p2 − i0 + e −iεp 1 (t1−t2) (6.14) and
−r/πξ (6.15) for |∆| ≪ µ. The function F (r) in (6.15) is exactly the one often found in the arguments on the crossed Andreev reflections in the literature, 3, 5, 7, 10, 24, 25 which describes the correlation between the electrons emitted at different points r , chosen to be Gaussian of size w in (2.8) in the present analysis. This is the physical structure of χ 0 . The formula (6.13) clarifies the connection between the effect of the size of the source, w, and the crossed Andreev effects.
The bunching peak decays as a function of r. ν (iz) in (D9)]. This oscillation originates from the divergences at the edges of the gap, E = ±|∆|. The reason why the bunching peak decays as a function of r is the following. The wave packets of the emitted electrons spread as they propagate. Even if two electrons are detected at the same distance in opposite directions, this does not ensure that the two electrons originate from a common Cooper pair. There is an ambiguity to the extent of the spreads of the wave packets. The propagator in the free space explains that the uncertainty develops up to t/m after an elapsed time t, where t is translated into r via t ∼ mr/k F . This uncertainty should be smaller than ξ for the two electrons to bunch. This is the reason why the bunching peak (5.1) decays for r ≫ k F ξ 2 . Note, however, that this length scale k F ξ 2 is much longer than ξ, and the decay r −1 is slow due to the divergence in the quasiparticle spectrum.
VII. ROBUSTNESS
Let us discuss the robustness of the positive correlation at θ = π in a non-ideal situation. We consider three types of imperfections: static fluctuations of the diameter w and of the position of the emitting tip, δr, as well as surface roughness that alters the direction of emitting electrons. The shift of the emitting center can be accounted for by replacing the tunneling matrix elements in (2.5) by (7.1) while the surface roughness would be represented by the deviation of the angle θ from π, i.e. δθ = π − θ. Then, the positive peak at θ = π is given, instead of (5.1), by (Appendix E) 2) where P (w, δr, δθ) is a probability distribution function that characterizes the fluctuations and δr =r 1 · δr is the shift of the emitting center parallel to the directions to the detectorsr 1 = −r 2 . If the emitting center shifts toward one of the two detectors, coincident detections at the same distance do not imply that the two detected electrons originate from the same point, from a common Cooper pair, and the correlation is reduced when the shift is larger than the size of a Cooper pair. That is why δr /ξ appears in the formula. When w ≪ ξ (which is one of the requirements for a strong correlation), the first of the two contributions in the absolute value is dominant over the other, as mentioned below (5.1) . Notice that the fluctuations in w and δr appear there through the ratios δw 2 /ξ 2 and (δr ) 2 /ξ 2 . The positive correlation is hence affected by these fluctuations only when they become of order of ξ; otherwise, it is robust against them. The surface roughness on the other hand shrinks the height of the positive peak mainly by the exponential factor e
The positive correlation is therefore tolerant of the surface roughness up to an order of 1/δk = 1/k F δθ ≃ w.
VIII. SUMMARY
We have fully analyzed the correlations, both in space and time, of the electrons field-emitted from a superconducting tip into vacuum. The superconductivity of the emitter leads to positive correlation between the electrons emitted in opposite directions θ ∼ π. They can be entangled and eventually violate Bell's inequality. A coincidence experiment can directly capture these features. Notice that, in contrast to transport setups, one need not argue how to separate the entangled pair.
32 This is a preferable feature, as it makes nonlocality tests easier and shows that superconducting nanotips are good sources of entanglement. Furthermore, these electron pairs are available in vacuum.
The Andreev emission plays a crucial role. Our analytical formulas show that positive correlations and nonlocality are controlled by the parameters w 2 /ξ 2 , r/k F ξ 2 , and ∆/E C . The conditions w 2 /ξ 2 1 and r/k F ξ 2 1 ensure that the paired electrons originate from a common Cooper pair, and a larger ∆/E C makes the contribution of the Andreev emission more dominant, resulting in enhancement of the correlations. Additional requirements, implicitly suggested and/or implied by our analysis, would help to enhance these effects and make these correlations more manifest and easily observable. For instance, since the Andreev emission is the only process that has a nonzero emission spectrum in the "gap," a better correlation would be extracted by selecting energies close to the Fermi level.
Even if entanglement were not observed, the detection of the positive correlation would still be a very challenging task. This peculiar correlation is a direct manifestation of the singlet spin state of a Cooper pair and would be a nice probe of the symmetry of the electron pairs in a superconductor: if applied to a triplet superconductor, for instance, one should find a negative correlation. The present setup, field emission into vacuum, would also be useful for detecting the anisotropy of unconventional superconductors. Extension of the present analysis to more general superconductors is an interesting future subject. Let us carry out the inverse Laplace transformation (3.5) to obtain G pp ′ (t) up to second order in λ.
First, we need to invert the "matrix" in (3.6) , which is formally done aŝ 
For a regular tunneling matrix T pk [i.e., if the spectral functions J u (ε, ω) = d 3 p d 3 k |T pk u k | 2 δ(ε p − ε)δ(ω k − ω) and J v (ε, ω) have good spectral properties: free from a nonlocal spectrum like δ(ε−ω) and vanishing for ε, ω → −µ, ∞], the integral in (A4) is bounded for any s (even on the imaginary axis of the complex s plane), and the determinant (A4) can always be made non-vanishing by choosing a sufficiently small λ. It is therefore possible to expand the second factor in the right-hand side of (A1) in a power series in λ 2 , Let us take the stationary limit t → ∞ in the interaction pictureḠ pp ′ (t) = G pp ′ (t)e iE p ′ t0 . It proceeds, for instance, as follows: by noting 
Recall the formula 
Similar treatments are applied to the other components, and one ends up with (3.8) .
APPENDIX B: FAR-FIELD SPECTRA
Let us sketch the derivations of the energy spectra in the far-field limit. Let us first look at the asymptotic behavior of the wave functions in (4.5) . 20 At far places from the emitter, k F r ≫ 1, only momenta oriented along ±r i (i = 1, 2) contribute to the propagation of the emitted electrons. The saddle-point approximation (method wave operator W is the operator that describes the scattering of an initial eigenstate of H 0 into a scattering state by a scattering Hamiltonian H. It is formally defined by W = lim t→∞ e −iHt e iH0t , H = H 0 + V.
Let |E be the eigenstate of H 0 belonging to its eigenvalue E and suppose that the Hamiltonian H does not have any bound state. Then, the wave operator W is given by
